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The first edge detector we will discuss, the gradient operator, is based on the first derivatives of the 
image. Let us start with a simple example of a 1D signal, 𝑓(𝑥). We know that an edge is a rapid change 
in image intensity within a small region. Shown here is a rising edge on one side and a falling edge on 
the other. Calculus tells us that the derivative of a continuous function represents the amount of change 
in the function, and change is what we are trying to measure. Thus, it makes sense for us to find the first 
derivative of this function and see what that does to both the edges.  
 
 
Here we see the first derivative of 𝑓 with respect to 
𝑥. It has a maximum at the point where the rising 
edge is located. For the falling edge, we have exactly 
the same output, but it is flipped. Thus, the local 
extrema in the first derivative tell you where the 
edges are located. If we take the absolute value of 
the first derivative, the locations of the peaks 
(maxima) correspond to the locations of the edges, 
while the magnitudes of the peaks reveal the 
strengths of the edges.  
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How do we apply this idea of using the first 
derivative to two-dimensional images? We know 
from calculus that the partial derivatives of a 2D 
continuous function with respect to its two 
dimensions, 𝑥 and 𝑦, represent the amount of 
change along each of the two dimensions.  
 
 
 
 
 
 
 
That brings us to the gradient operator, also called 
the “del” operator, which produces two numbers as 
a vector. The first is the derivative of the image with 
respect to 𝑥, while the second is the derivative of the 
image with respect to 𝑦. These two numbers tell us 
everything we need to know about the local change 
in intensity. Let us take a look at a few examples. On 
the left we see a vertical edge. In this case, we get a 
non-zero value for the 𝑥 component and zero for the 
𝑦 component as there is no change along the 𝑦 
direction. For the second image, we get zero for the 
𝑥 component and a non-zero value for the 𝑦 
component. Finally, for the third image of a tilted edge, we get non-zero values for both components. 
From just these two numbers at each pixel, we can find both the strength (magnitude) of the edge, as 
well as its orientation (direction).  
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The equations for magnitude and orientation are 
shown here. The magnitude of an edge is simply the 
square root of the sum of the squares of the partial 
derivatives. The orientation the edge is the inverse 
tangent of the first derivative with respect to 𝑦 
divided by the first derivative with respect to 𝑥. 
 
 
 
 
 
 
 
All of the above was done in continuous domain. 
Now let us see how we might apply our edge 
detector to a discrete image. In the discrete case, we 
know that derivatives are implemented using finite 
differences. Shown here are the finite difference 
approximations for the partial derivatives with 
respect to 𝑥 and 𝑦. To find a difference, we need at 
least two neighboring pixels. So, to find finite 
differences in both directions (𝑥 and 𝑦) we need at 
least two pixels in each direction. Thus, we use a 
window of 2x2 = 4 pixels. Let us assume that the 
physical distance between adjacent pixels is ε. Then, 
the derivative in the 𝑥 direction is the equation on the top, and we have similar equation for the 𝑦 
component.  
 
We can compute the two derivatives using convolutions with the two kernels (filters) shown below. Here, 
the “flips” that are needed for each convolution have already been applied. Even if we do not know the 
physical distance, ε, between adjacent pixels, it does not matter — the resulting derivatives will simply 
be scaled by an unknown factor that is the same for both components and for all pixels in the image. 
Once we have computed the two components of the gradient, we use them to find the magnitude and 
the orientation of the edge as previously discussed.  If ε is unknown, the computed magnitude will simply 
be a scaled version of the true value.  
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Based on this approach, a variety of gradient 
operators have been proposed over the last few 
decades, starting with the Roberts operator shown  
on the left. In this case, note that the derivatives 
are being computed in the two diagonal 
directions. This is not a problem as the derivatives 
in any two orthogonal directions can be used to 
find the magnitude and direction of an edge. The 
Prewitt operator appeared around 1965. The 
Sobel operator was popular for a long time. We 
can see that these operators are getting larger as 
we move from left to right. When we have a small 
operator, we can expect very good localization for the edges, as small operators will not be affected by 
image content that is far away from the pixel of interest. On the other hand, a small detector is bound 
to be extremely sensitive to noise. In the case of the Roberts detector, since only four numbers are being 
used to determine whether a point has an edge, if noise corrupts even one of these four numbers, the 
computed derivatives will have large errors. 
 
Looking at the larger operators, we can see that these can be viewed as just the smaller operators 
convolved with a smoothing function like a Gaussian. In effect, smoothing is being incorporated into the 
derivative operators to reduce the effect of noise. Therefore, the larger operators have much better 
noise resilience. However, they have poor localization, because if we are trying to find an edge at a pixel, 
the derivatives computed are going to be influenced by image content that is far from the pixel. This is 
not a problem if the edge continues to be an edge over the entire extent of the operator, but if the edge 
turns into something else, or new information appears, the output of the operator will be affected.  
 
 
Let us take a look at an example. Here, we have the 
gradient operator, specifically the 3x3 Sobel 
operator, applied to an image that is popularly 
known as the Lena image. On the left is the first 
derivative with respect to 𝑥, in the middle is the 
first derivative with respect to 𝑦, and on the right is 
the gradient magnitude computed from both. Now, 
there is one last step: we have the magnitude and 
the orientation at every pixel, but we still need to 
declare each pixel as being an edge or not.  
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In other words, we need to threshold the edge 
map. There are essentially two simple ways to do 
this. The first is to use a single threshold — if the 
magnitude is less than some value T it is not an 
edge, and if the magnitude is greater than or equal 
to T, then it is an edge. We can do a bit better than 
this by introducing some hysteresis in the 
thresholding, by using two thresholds. We declare 
no edge if the magnitude is less that the lower 
threshold, and an edge if it is greater than the 
higher threshold. If the magnitude lies between 
the two thresholds, we can make a decision based 
on the how “edgy” the neighboring pixels are.  
 
 
In the bottom right is the final thresholded edge 
map. It is still a scattered set of edges. In the next 
lecture, we will develop methods to go from this 
kind of an edge map to clean boundaries. At first 
glance, that may seem to be a simple step. 
However, there is something a bit deceptive here 
which is worth pointing out. When we look at this 
edge map, we can immediately group edges into 
curves. That is because our brain is doing the work 
for us. For a computer, as we shall see, this task 
can be challenging.  
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Now let’s look at how we can use the second derivative of an image to detect edges. That brings us to 
the Laplacian operator. Once again, we will start with our 1D signal, 𝑓(𝑥), and its first derivative, which 
we already know. The question is, what is the derivative of the derivative, which would be the second 
derivative? Let us consider the rising edge shown here. We know that where the first derivative is 
increasing, the second derivative will have positive values, and where the first derivative is decreasing, 
it will have negative values. In between, when the first derivative reaches a peak, the second derivative 
will be zero. Therefore, exactly at the location of the edge, we get a sharp change from positive to 
negative values, called a zero-crossing. In the case of the falling edge on the right, we get exactly the 
flipped version of the second derivative of the rising edge. Therefore, edge detection boils down to 
finding sharp zero-crossings in the second derivative.  
 
 
How do we exploit this property of the second 
derivation in the context of 2D images? That 
brings us to the Laplacian operator, also called the 
“del-squared” operator. The Laplacian is simply 
the sum of the second derivative of the image with 
respect to 𝑥 and the second derivative of the 
image with respect to 𝑦. When we apply the 
Laplacian operator to an image, we are going to 
end up with zero-crossings where the edges lie. 
Note that the Laplacian operator does not provide 
the direction, or the orientation, of the edge.  
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How do we apply the Laplacian operator to a 
discrete image? In terms of finite differences, the 
second derivative is the difference of the 
difference. If we want to find this, we need at least 
three pixels along each of the two dimensions, 𝑥 
and 𝑦. So, we use a 3x3 window like the one shown 
in the top right of the slide. Let us say we want to 
find the output of the Laplacian operator for the 
center pixel (𝑖, 𝑗). The equations for the 𝑥 and 𝑦 
components of the second derivative are shown 
here. To obtain the Laplacian, we simply add these 
two expressions. This implies that to obtain the 
Laplacian at all image pixels we only need to convolve the image with the single mask shown in the 
bottom left of the slide.  Note that the corner pixels of the mask are 0 because we never use these pixels 
in computing the Laplacian.  
 
This operator works fine. However, there is a slight problem that arises from the fact that pixels on an 
image sensor lie on a square grid. We have found the second derivatives with respect to 𝑥 and 𝑦, 
assuming that the distance between adjacent pixels is ε. Now, let us say an edge appears at 45 degrees. 
In that case, we see that we have not taken into account the fact that the distance between pixels in the 
diagonal direction is greater than ε. In order to account for this variability, we can consider edges in a 
few difference orientations, develop convolution masks for each one, and then average the masks to 
end up with the one shown on the right. The output of this operator is less sensitive to the orientation 
of the edge and hence it is widely used.  
 
 
Let us take a look at how the above operator can 
be used to find edges.  Here is the Lena image on 
the left and the output of the Laplacian operator 
in the middle. Since an image cannot be displayed 
with negative values, we use the level 128 for 0, 
such that pixels darker than 128 are negative and 
pixels brighter than 128 are positive, in terms of 
the output of the Laplacian. Wherever there is a 
zero-crossing, the pixel value will be exactly 128, 
with large positive and negative values around it. 
These zero-crossings have been detected to 
produce the final edge map shown on the right. 
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Let us talk about an important issue that we have 
set aside in our discussion above, which is noise. In 
the beginning of the lecture, we said that noise is 
why edges do not appear perfect in images. So, we 
have to contend with noise. On the top here is a 1D 
example of what noise on an edge looks like. The 
problem with noise is that it is rapidly changing 
everywhere. Since we defined edge detection as the 
problem of finding rapid changes, noise poses a 
major challenge. When we find the first derivative 
of 𝑓(𝑥), we see that the edge is completely lost. 
 
 
We need to have some way of dealing with noise. 
That is, we need to either remove, or at least 
suppress, the noise before we apply the gradient or 
the Laplacian operator. From our lecture on image 
processing, we know that one way to do this is by 
using Gaussian smoothing. Given our noisy signal 
𝑓(𝑥), we can first smooth it with a Gaussian. Note 
that when we do this, most of the noise has been 
removed, and, as expected, the edge has been 
somewhat blurred. Now when we apply our 
gradient operator, we get a nice peak that is located 
at the edge.  
 
There is an interesting observation to be made 
here. Remember that we took the signal 𝑓(𝑥), 
convolved it with a Gaussian to reduce the noise, 
and then found its first derivative. We can achieve 
exactly the same result in a different way. We know 
that the first derivative is a linear operation, and we 
know that Gaussian smoothing is linear as well. 
Therefore, we can find the first derivative of the 
Gaussian, which gives us a new operator (filter) that 
we can convolve our signal with. Comparing the 
results in this slide and the previous one, we see 
that they are exactly the same.  
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We can do the same thing with the Laplacian 
operator as well. Instead of applying the Laplacian 
operator to the input signal after it is smoothed, 
we can apply the Laplacian operator to the 
Gaussian to get what is called a Laplacian of 
Gaussian (LoG) operator, and then simply apply 
that to the input signal. As expected, we end up 
with a strong zero-crossing at the location of the 
edge. 
 
 
 
 
On the left we see the gradient operator in 2D. We 
take the first derivative of the Gaussian with 
respect to	𝑥 and with respect to 𝑦, and then 
convolve the image with both operators to obtain 
two numbers for each pixel. From those two 
numbers, we can calculate the strength and the 
orientation of the edge. Alternatively, we can 
apply the Laplacian to the Gaussian to get the 
operator shown on the right. This operator looks 
like an inverted Mexican hat (sombrero). This 
single operator can be applied to an image and the 
resulting zero-crossings correspond to edges.  
 
Let us compare the properties of the gradient 
operator and the Laplacian operator. While the 
gradient operator gives us the location, magnitude 
and direction of the edge, the Laplacian operator 
just gives us the location of the edge. The gradient 
operator does require some form of thresholding 
to identify an edge. The threshold is chosen based 
on the needs of the application. In contrast, with 
the Laplacian operator, we are just looking for 
zero-crossings. In practice, however, we need to 
threshold each zero-crossing in some way to 
determine how rapid it is. Finally, the gradient 
operator requires two convolutions followed by a nonlinear operation for finding the magnitude and the 
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Here is another interesting illusion called the Cafe 
Wall illusion. Here, the horizontal gray lines appear 
tilted with respect to each other.  
 
 
 
 
 
 
 
 
 
If we simply remove the black tiles on the wall, we 
see that the lines are perfectly parallel. This is 
because the human visual system tends to see 
black patches as being slightly smaller than they 
actually are. We do not fully understand the 
reasons for this. However, this bias causes the black 
tiles in the original image to appear smaller than 
they are. Consequently, the lines appear to be 
tilted, when they are not. 
 
 
 

Let us now talk about how we can find corners in an image. On the right, we see three image regions – 
a flat region, an edge region and a corner region. A corner is essentially a point where two edges meet. 
Unlike an edge where we have a rapid change in image intensity along one direction, in this case, if we 
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place a window around the corner, we are going to see a rapid change in image intensity along two 
directions. As in the case of edge detection, we are going to use the derivatives of the image to perform 
corner detection.  
 
Here we see the three regions once again. We are 
now going to find the derivative of each image with 
respect to the 𝑥-direction (middle row) and the 𝑦-
direction (bottom row). For each image, we are 
going to normalize it so that white corresponds to 
a strong positive value, black corresponds to a 
strong negative value, and shades of gray are 
values in between. For the flat region, as expected, 
we have mostly gray all over because we have low 
gradients in 𝑥  and 𝑦, except for those produced by 
the noise in the image. In the edge case, we again 
get low gradients on both sides of the edge, but 
very strong, positive gradients in the 𝑥 and 𝑦 directions along, or close to, the edge. In the case of the 
corner, we see something interesting. We get low values pretty much everywhere, but we get strong 
positive values along one edge and strong negative values along the other for the gradient in the 𝑥-
direction. We see the same for the 𝑦-gradient, except that the signs are reversed.  
 
Let us now construct a 2D space whose dimensions 
correspond to the 𝑥  and 𝑦 image gradients, 𝐼! and 
𝐼". For each of the three image regions, we will 
plot the gradient values at each pixel in this space. 
For the flat region, as expected, we get a very 
compact cluster close to the origin. In fact, if the 
region did not have any noise, the cluster would 
shrink to a single point, namely, the origin. When 
we look at the edge region, we once again get a 
compact cluster because there are significant flat 
regions on both sides of the edge, but we also get 
a thin and long cluster. This cluster corresponds to 
the large gradient values obtained at or near the edge. In the case of the corner, we again get a compact 
cluster because of the flat regions, but we get two additional clusters, one for each of the two edges that 
make up the corner. Our goal is to quantify the structure of the distribution of points in this gradient 
space with a simple model that can be described using a small number of parameters. Then, we can use 
these parameters to classify each local image region as being flat, an edge, or a corner.  
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𝐼". For each of the three image regions, we will 
plot the gradient values at each pixel in this space. 
For the flat region, as expected, we get a very 
compact cluster close to the origin. In fact, if the 
region did not have any noise, the cluster would 
shrink to a single point, namely, the origin. When 
we look at the edge region, we once again get a 
compact cluster because there are significant flat 
regions on both sides of the edge, but we also get 
a thin and long cluster. This cluster corresponds to 
the large gradient values obtained at or near the edge. In the case of the corner, we again get a compact 
cluster because of the flat regions, but we get two additional clusters, one for each of the two edges that 
make up the corner. Our goal is to quantify the structure of the distribution of points in this gradient 
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To do this, we will fit an ellipse to the distribution, 
which is centered at the origin. Based on the 
lengths of the major and minor axes of the ellipse, 
we will classify the region.  
 
 
 
 
 
 
 
 
 
How do we fit an ellipse to a distribution? This 
takes us back to our lecture on binary images. 
Given a binary object, we know how to find the 
axis of minimum second moment. Perpendicular 
to this axis is the axis of maximum second 
moment. Let us say we want to find the ellipse that 
best fits the binary object. We will say that the 
length 𝜆#  of the semi-major axis of the ellipse is 
equal to maximum second moment Emax, and the 
length 𝜆$  of the semi-minor axis is equal to 
minimum second moment Emin.  
 
 
We will apply the same technique to quantity the 
structure of our distribution in gradient space. In 
other words, we are going to treat our distribution 
like a binary object, where each point in the 
distribution is a 1. We use the points in the 
distribution to compute the second moments, a, 
b, and c. From these three numbers, we can 
compute the maximum second moment Emax, and 
the minimum second moment Emin, which 
correspond to the semi-major axis 𝜆# and semi-
minor axis 𝜆$ of the ellipse that best fits the 
distribution.  
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For the flat region, as expected, we are going to 
get small values for 𝜆# and 𝜆$, as it is a compact 
cluster. In the case of an edge, 𝜆# is large and 𝜆$ is 
small, and in the case of a corner, both are large. 
The Harris corner detector uses 𝜆# and 𝜆$ to 
classify local image regions to detect corners.  
 
 
 
 
 
 
 
Harris has designed a simple expression, called the 
response function, that maps 𝜆# and 𝜆$ to a single 
number R. R is being plotted here on the right as a 
function of 𝜆# and 𝜆$. If we now apply a threshold 
to R, the threshold corresponds to a curve (white 
line) in (𝜆#, 𝜆$) space. If R is above the threshold, 
then both 𝜆# and 𝜆$ are large, and it is likely a 
corner. Conversely, if R is less than the threshold, 
the image region is either flat or includes an edge.  
 
 
 
 
Here we have a very simple image to which we 
apply the Harris corner detector. One of the 
problems with feature detection, in general, is 
that the detector is likely to produce large 
responses not only at the exact location of the 
feature but also close to it. We see the same 
phenomenon with the Harris detector — the 
magnified image regions show large R values at 
and around each of the corners in the image. To 
find the exact locations of the corners, we need to 
detect the peak of each of these clusters in the 
response image.  
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Harris Corner Response Function

Corner: 9%~ 9&
9% and 9& are large.

Edge: 9% ≫ 9&

Edge:
9& ≫ 9%

Flat: 9%~ 9&
9% and 9& are small.

41

4=

41

4=
5 = 4=41 − 7 4= + 41 1

5 > 9

5 < 9

[Harris 1988]

where: 0.04 ≤ @ ≤ 0.06
(Designed Empirically)
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Harris Corner Detection Example

Image Corner Response "

Thresholded Corner Response
" > $

min

max

How to determine the actual corner pixel?
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Harris Corner Response Function
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Image Corner Response "
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How to determine the actual corner pixel?


